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Vasilij Petrovich Ermakov (1845 Ermakov ( -1922 from Lectures on Integration of Differential Equations 1 Linear second-order equations with variable coefficients can be completely integrated only in very rare cases. We consider the most important of them.
To begin we prove that, if a particular integral of the equation We eliminate B from (1) and (2) to obtain
A first integral of (3) is
When we integrate again, we obtain the complete integral 2 y = C 1 u exp − A dx dx u 2 + C 2 u. We see below that this form makes it easy to discover conditions of integrability for differential equations.
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The majority of differential equations for which it is possible to find conditions of integrability reduce to the form (4) Ax 2 + Bx + C d 2 y dx 2 + (Dx + E) dy dx + F y = 0, where the uppercase coefficients are parameters independent of the variables, x and y. When we take the nth derivative of (4) and set
we obtain
dx 2 (D+2An)x+E+Bx dz dx + F + An + Dn + An 2 z = 0.
Thus, if an integral of (4) is known, we can find an integral of (5) when n is a natural number.
An integral of (4) can always be found in the case that F = 0, ie the equation has the form
We write
Then we determine an integral of (5) of the form
where α and β are the arbitrary constants of integration. Consequently we have proven that, if n is a natural number, then a particular integral of the equation
is given by the formula
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We pass to a more thorough investigation of particular cases. From what we proved above it is evident that the differential equation,
is completely integrable if n is a natural number. In the present case
Hence a particular integral of the equation is given by the formula
We apply the transformation of §2 to (7). When we set
we reduce (7) to the form
When we compare this equation with
we obtain three algebraic equations the solutions of which are
Before each of the roots in these equations either upper or lower sign can be taken so that altogether there are eight solutions which leads to the following result.
To find the complete integrability conditions of the differential equation
into partial fractions according to
The equation can be completely integrated if one of the eight expressions
is an odd integer.
If this condition be satisfied, a particular integral of (9) is
where n, λ and µ are given by the formulae (8) in which, naturally, signs should be chosen so that n be a positive integer. If two of the numbers in (10) are odd integers, we can find two independent particular integrals and consequently the complete integral without the use of quadratures.
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The conditions of integrability found above are not unique. We demonstrate the existence of other conditions.
It is easy to verify that the complete integral of the equation
is given by the formula (12)
As was proven in §3, the nth derivative of (12) is the complete integral of the equation
The nth derivative of (12) is nothing but the coefficient of u n in the expansion of the expression, (14)
Under the change of independent variable t −→ √ x + a equation (13) becomes
When we substitute for t into (14), we find that the complete integral of (15) is the coefficient of u n in the expansion of the expression
in increasing powers of u.
When we take the mth derivative of (15) and set
The complete integral of (18) is the mth derivative of the coefficient of u n in the expansion of (16) in increasing powers of u.
We apply the transformation of §2 to (18). When we set
If we compare (18) with
we make the identifications
Thus (19) is completely integrable if
are integers. In this case we obtain the complete integral through multiplying
by the mth derivative of the coefficient of u n in the expansion of (16) in increasing powers of u.
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We have found that the equation
can be completely integrated if
are whole numbers. To find further conditions for integrability we transform the variables of (20) according to
This equation is of the same form as (20) and The equation
in addition to the cases indicated in §4, is completely integrable if two among the three numbers,
are whole numbers.
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The equation
can be transformed to the form of the equation, (20), examined above by a transformation of variables. When we make the change
The integrability conditions for this equation can be found following the rules given in §4 and §6. Thus we obtain the following result.
To find the integrability conditions for the differential equation
The equation is completely integrable if
is an odd integer. The equation is completely integrable also in the case when two of the three numbers,
, are whole numbers.
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We now pass to a new form of the equation
This equation, as was shown in §3, is completely integrable if n is a positive integer. In the present case
Therefore a particular integral of (25) is given by the formula
We apply the transformation of §2 to (25). When we set
becomes
Comparing this equation with the equation
Thus we obtain the result that
The differential equation
is an integer. Given that this condition holds, a particular integral of the equation is
where n, λ and µ are given by (31).
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The integrability condition found in §8 is not unique. Moreover it does not hold in the case that α = 0, ie when the equation has the form
To find the integrability condition for this equation we apply the transformation
Then (33) becomes
Equation (35), hence (33), is completely integrable if 2 √ 1 + 4γ is an odd integer.
Thus we obtain
is completely integrable if α = 0 and 2 √ 1 + 4γ is an odd integer.
In addition to the two cases indicated the equation is also completely integrable when α = β = 0, ie, the equation is
The solution of (36) is
where µ = 1 2 1 + 1 + 4γ .
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We demonstrate the determination of the integrability condition and solution given in §9.
It is easy to show that (38)
s(x) = C 1 exp 2δ
is the solution of the equation
We differentiate (39) n times and set
Then the equation becomes
The solution of (40) is given by the formula
We apply the transformation of §2 to (41). When we set
On comparison of (43) with
we obtain δ = β and n = 1 2 + 1 + 4γ .
For n a positive integer the solution of (43) is
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can be transformed by a change of variables to the form of the equation examined in the three previous sections. When we apply the transformation (47)
x + b = a − b t + a − 1 and y = z t + a − 1 to (46), we obtain
The integrability conditions for (48) can be found according to the rules developed in the three previous sections. Thus we obtain
is completely integrable in the following three cases:
is an odd integer, 2. if α = 0 and
is an integer and 3. if α = β = 0.
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can be transformed by a change of variables to the form of the equation examined in § §8, 9 and 10. If we set
Thus we obtain
is an odd integer, 2. if α = 0 and 2 √ 1 + 4γ is an odd integer and
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The first of the integrability conditions given in §12 and the solution of (50) can also be obtained as below.
As was shown in §3, the differential equation
is completely integrable if n is an integer. In the present case
A particular integral of the equation is expressed by the formula
When we apply the transformation of §2, namely
On comparison with (49), namely
If n is found to be a positive integer, a particular integral of the equation may be written as
14 The differential equation
can be transformed by a change of variables to a particular form of the equation examined in §8. If we set
As has been proved in §8, we obtain
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The integrability condition given in the previous section and the solution can be found as follows.
As has been shown in §3, the differential equation
is completely integrable if n is a positive integer. In the case of (58) ϕ(x) = (2λx + µ) dx = λx 2 + µx.
Therefore a particular integral of the equation is given by
When we apply the transformation of §2, videlicet
When we compare (59) with (56), videlicet
we find that
If n is a positive integer, the solution of (56) is
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can be transformed to (56) by the change of variables x + a = 1 t and y = z t .
Specifically we obtain d 2 z dt 2 = αt 2 + βt + γ z.
As a consequence of the result of §15 we have
is an integer.
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All of the differential equations examined thus far can be expressed in terms of a single general formula, videlicet
The methods of integration of (62) and its integrability conditions essentially depend upon the roots of the equation
The sections in which we examined the different particular cases are 1. §7 when all roots of (63) We can transform the differential equation,
to the standard form by the application of the transformation of §2, videlicet
Equation (65) becomes
which is a particular case of (62) with D = 0.
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There are many differential equations which can be reduced to the equations examined above by a change of variables. We consider some of them.
by the transformation x = log t and y = z √ t .
The integrability conditions for this equation can be found according to the rules developed in § §4, 6, 8, 9, 10, 12 and 13.
According to the rule developed in §4 (74), hence (73), is completely integrable if
Pfaff's equation,
can be transformed to the form
by using the transformation of §2. Under the change of variables
and z = st
equation (76) becomes
The integrability conditions for (78) can be found according to the rules developed in § §4, 6, 8, 9, 10, 12 and 13. When we set a = β = γ = 0 and b = 1 in (76), we obtain
which is known as Riccati's equation. When we apply the transformation (77), equation (79) becomes
According to the rule developed in §8 we find that Riccati's equation is completely integrable if 1/δ is an odd integer.
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Some nonlinear differential equations of the first and second orders are reduced to linear form by a transformation of the dependent variable. The equation
is reduced to the linear second-order equation
under the transformation
The more general equation
where A, B and C may be functions of x, can be reduced to (80) by a change of the independent variable. We set
As has been shown above, this equation can be reduced to a linear second-order differential equation.
The differential equation where α is some constant.
We eliminate M from (86) and (87) to obtain
When we multiply both sides of (88) by If y 1 and y 2 are two particular integrals of (86), we obtain two first integrals of (87) when we substitute them for y in (89 On the elimination of dz/dx from these two first integrals we obtain the solution of (87).
The solution of (87) can also be obtained as follows. From (89) we obtain dx = y dz − z dy
.
